An approach is proposed for computerized simulation of meshing of aligned and misaligned involute helical gears. Algorithms for TCA (Tooth Contact Analysis) computer programs were developed. Influence of misalignment on the shift of the bearing contact and txansmission errors has been investigated. Numerical examples that illustrate the developed theory are provided.
INTRODUCTION
Computerized simulation of meshing and contact (Tooth Contact Analysis -TCA) was developed for spiral bevel and hypoid gear drives with tooth surfaces are in point contact, (User's Manual, Litvin, EL. and Gutman, Y., 1981, Litvin, EL., et al., 1995, and Stadtfeld, H.J., 1993.) There is a great need to develop TCA computer programs for tooth surfaces that are initially in line contact that become point contact due to misalignment. A typical example of such gear drives is the conventional involute helical gear drive.
An approach is proposed that permits the investigation of the influence of gear misalignment on the shift of the bearing contact and transmission errors. (1)
Vector Eqs. (1) and (2) yield only five independent equations
Equation system (3) contains six unknowns but one parameter, say Ol, may be chosen as input. The continuous solution of equation system (3) is an iterative process that is based on the following considerations:
(1) Assume that system (3) of nonlinear equations is satisfied at a point
and the Jacobian of the fifth order satisfies the requirement _f_ _ _J5 aJ5
(2) Then we can solve Eqs. (3) in the neighborhood of p(0) by functions
(3) Inequality (6) is observed when the gear tooth surfaces are in point contact. In this case, using functions (7) we are able to obtain: (i) the path
and (ii) the transmission errors determined as
The solution discussed above is found numerically. A subroutine for solution of nonlinear equations is represented in User's Manual, 1989. The approach discussed is applied for simulation of meshing of misaligned helical gears. As a reminder that due to misalignment the line contact of tooth surfaces is turned out into point contact.
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Equations
(1) and (2) describe continuous surface-to-surface tangency. However, it is not excluded that due to misalignment edge contact will occur that means curve-to-surface tangency when the edge of a surface of one gear (represented as a curve) will contact the surface of the mating gear. Considering the case when the edge of the pinion is in mesh with the surface of the gear, we will use the following equations
Equations (10) and (11) represent a system of four nonlinear equations in four unknowns (fl is considered as the input paramter). The solution to the system of Eqs. (10) and (1 l) allow to obtain functions
All three cases of meshing, such as surface-to-surface with instantaneous point contact, edge contact, and line contact (see below), may exist in meshing of involute helical gears when they are rnisaligned or aligned.
Simulation of Meshina of Ali_aned Helical Gear_
In this case, the gear tooth surfaces are in line ctonact and the Jacobian D 5 (Eq. (6)) becomes equal to zero. The TCA is based on the algorithm represented in Appendix 3. Two input parameters, say f! and u!, must be applied and then we will get that the matrix 
Simulation of Meshina of Misallaned Involute Helical GearR
The TCA computer program developed was applied to investigate of the following erros: Dg--the shaft angle error (when the axes become crossed), Danl normal proifle angle error of the rack-cutter that generates the pinion, and Dlpl--pinion lead angle error on the pitch cylinder. The manufacturing of helical gears is based on application of two imaginary rack-cutters that like a molding complements a casting. The pinion and the gear are generated separately, but the imaginary rack-cutters have the same profile angle a n in the normal section. Error Danl means that anl _ an2. Parameter a n does not exist directly in the surface and surface unit normal equations (see Appendix 1). However, error Danl affects the design parameters atl, rbl, and lbl as follows (see In the real process of manufacturing, error Dlpl is caused due to lead error H I. Using the relationships between the design parameters (see Appendix 2), the following is obtained:
Equation (18) The combination of errors Og and Dlpl when _l_l _ IA_.pl causes also an edge contact (Fig. 5) . The function of transmission errors for one cycle of meshing is a combination of two almost linear functions with different values of slope (Fig. 6 ). The combination of errors Danl and Dlpl causes the path of contact on the edge of the tooth length (Fig. 7) and an almost linear function of transmission errors (Fig. 8 ).
There is a particular case, when IAyI ¢ lAkp, I. The meshing of gears may be consider_ in such a case as meshing of crossed involute helical gears which tooth surfaces are in point contact. The path of contact on the tooth surface is shown in Fig. 9 , the transmission function is a linear one, and there is no transmission errors. However, the meshing of gear is not stable because even a small difference between I'Wl ] xpl will cause an edge contact and transmission errors.
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GENERATION AND MODIFICATION OF TOOTH SURFACES
The derivation of tooth surfaces is based on the imaginary process of generation of conjugate surfaces by application of two rack-cutters. The generating surfaces of the rack-cutters are represented respectively by plane _t and cylindrical surface Y'c that differs slightly from plane Yt (Fig. 10) . The rack-cutter surfaces _c and Y't are rigidly connected each to other in the process of the imaginary generation, and they are in tangency along straight line ObZ b (Fig. 10) . This line and axes of the gears form angle b, that is equal to the helix angle on the pinion (gear) pitch cylinder. Figure 11 shows the normal sections of the rack-cutters. Rack-cutter surface Y'c generates the pinion tooth surface Yl, and a rack-cutter surface _t generates the gear tooth surface ,Y-,2"
ApDlled Coordinate Systems
Movable coordinate systems Sr (r = c,t), S 1 and S2 are rigidly connected to the tools (rack-cutters), the pinion and the gear, respectively. The fixed coordinate systems S m and S n are rigidly connected to the frame of the cutting machine (Fig. A.5 .
2). Generating Surface
The rack-cutter surface _t (r = c,t) is represented in Sr by the equation
where Ur, Ir are the surface parameters.
The normal to the rack-cutter surface is represented as
_1 r OUr Equations (19) and (20) must be derived twice to represent the working surfaces of two rack-cutters that generate the pinion and the gear, respectively (see Appendix 5). 
Parallel to gear axes
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Generated Surface
The generated surface Y_i"(i = 1,2), the pinion or the gear surface, is determined as the envelope to the family of rack-cutter surfaces. Surface Y-i is determined in Si (see Appendix 5) by the Eqs. (3) and (4).
ri(ur, lr, llli)= Mir(l!li)ri(ur, lr)
N r" V(rr/) = f(Ur, Jr, I//i) = 0
Here: (u r, Ir) are the rack-cutter surface parameters; Yi is the generalized parameter of motion in the process for generation; N r is the normal to the . (ri) is the relative velocity in meshing of the rack-cutter and the generated surface. Equation (21) 
Simulation of Meshing
Using the conditions of continuous tangency of gear tooth surfaces (1) and (2), and solving the equation systems (3), we can obtain the contact path on pinion and gear tooth surfaces, respectively. Since the pinion tooth surface is modified and generated by cylindrical surface Y'c of the rack-cutter, the pinion and gear tooth surfaces are in mesh in point contact. The contact path is directed along the tooth length. Although the misalignment Dg occurs, the contact path is still close to the mean line. Figures 12 and 13 show the TCA results for the case of Dg = 3 arc min. Figure 12 shows that the contact path is in the middle of the pinion (gear) tooth surface and Fig. 13 shows that the function of transmission errors is an almost linear. The results of TCA confirm that the localization of contact is a necessary but not a sufficient condition of the improvement of meshing of helical gears. Due to the shape of transmission errors shown in Fig. 13 , the transfer of meshing to the neighboring pair of teeth will be accompanied with high acceleration and vibration. NASA TM-107451
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CONCLUSION
Based on the study contained herein the following conclusions can be drawn:
1. Equations of gear tooth surfaces with localized bearing contact were developed.
2. Algorithms for TCA (Tooth Contact Analysis) of aligned and misaligned involute helical gear drives have been developed. 3 . Numerical examples that illustrate the developed theory and permit one to determine the influence of errors of alignment are presented. Lead correction may be accompanied with edge contact (Fig. 2) . 
APPENDIX
EQUATIONS OF PINION AND GEAR TOOTH SURFACES
The equations presented in Litvin, F.L., 1994 for tooth surfaces of helical involute gears and the coordinate systems are used. The tooth side surface II (Yq) of a left-hand pinion (see the cross-section in Fig. A. 1.10 ) and the unit normal n I to the surface are represented as follows: For simulation of meshing coordinate systems S 1 and S2 that are rigidly connected to pinion 1 and gear 2, respectively (Fig. A. 1.3 ) are applied. The meshing of the gear tooth surfaces is considered in the fixed coordinate system Sfthat is rigidly connected to the housing. Coordinate system St, is an auxiliary fixed coordinate system. Coordinate system Sq is applied to simulate the errors of assembly (Fig. A. 1.3 ).
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OF TCA FOR ALIGNED GEARS
The TCA computer program requires the solution of the system of Eq. (3). The algorithm developed is based on computation by the following steps:
Step 1: In the case of aligned gears we have
Step 2: Considering nxf = n_ ) arid n_ ) = (2) nyf , we obtain the equation
wherefl is the input parameter. ×cos_bcos(01 + Ul-4_)= 0
Step 5: Considering Z_1) = Z(2) and Eq. (A.3.1), we obtain (Ul +U2)sin_.b-PlO 1 -P202 =0 (A.3.5)
Step 6: Equations (A.3.3) and (A.3.4) yield
Step 7: Equations (A.3.4) and (A.3.5) yield
Step 8: Equations (A.3.2) and (A.3.6) yield
Step 9: Equation (A. (3) considering that fl is given.
APPENDIX
5.--SURFACES OF TOOTH RACK-CUI-FERS
As a reminder, that two rack-cutters are applied for the separate generation of the gear and the pinion (Fig. 1l(a) ). The gear rack-cutter is a conventional one that is used for generation of involute gears and its normal section is represented in Sc2 (Fig. 11(c) ) as
where (Fig. 1l(c) )
The 
Eauation of Meshinu
In the process for the generation, the two rigidly connected rack-cutters perform translational motion, while the pinion and gear perform rotational motions as shown in u c l+2a cu c cos 13 + =0 sin a n -2acU c cos a n NASA TM-107451
